In this study, an accurate analytical solution for Duffing equations with cubic and quintic nonlinearities is obtained using the Homotopy Analysis Method (HAM) and Homotopy Pade technique. Novel and accurate analytical solutions for the frequency and displacement are derived. Comparison between the obtained results and numerical solutions shows that only the first order approximation of the Homotopy Pade technique leads to accurate solution with a maximum relative error less than 0.4%.
Introduction
Duffing equations describe many kinds of nonlinear oscillatory systems in physics, mechanics and engineering [1] [2] [3] . They are famous in nonlinear dynamics and have been presented considering various types of nonlinearity. Due to the complexity of Duffing equations with cubic and quintic nonlinearities [4] [5] [6] [7] , they have not been studied as extensively as Duffing equations with cubic nonlinearity. In this paper, a novel approximate analytical solution for the aforementioned Duffing equations is presented. The unforced, undamped cubic-quintic Duffing equation is given by [4] :
where u is displacement and α, β and γ are arbitrary constants. Initial conditions are as follows:
where a is a constant. Under the transformation τ = ωt, Eq. (1) can be rewritten as:
where ω is the natural frequency.
For analyzing the above Duffing equation, first, new approximate analytical solutions for frequency and displacement are obtained using HAM. Then, the Homotopy Pade technique is applied to accelerate the convergence rate of the solutions.
Homotopy analysis method

Basic idea
The Principles of the HAM and its applicability for various kinds of nonlinear differential equations are given in Ref. [8] [9] [10] [11] [12] . HAM has the following advantages:
1. HAM can adjust the convergence region and the rate of approximation series. 2. HAM is an easy-to-use analytic tool for solving strongly non-linear differential equations.
The HAM transforms a nonlinear differential equation into an infinite number of linear differential equation with embedding an auxiliary parameter (q) that typically ranges from zero to one [12] . As q increases from zero to one, the solution varies from the initial guess to the exact solution. To illustrate the basic ideas of the HAM, consider a nonlinear differential equation as:
where N is a general nonlinear differential operator, and u(t) is an unknown function of the parameter t. The Homotopy is constructed as follows:
where φ,h and H(t) are a function of t and q, the nonzero auxiliary parameter and the nonzero auxiliary function, respectively. The auxiliary parameter and the auxiliary function adjust the convergence region of the solution and the parameter L denotes an auxiliary linear operator. As q increases from zero to one, the φ(t, q) varies from the initial approximation to the exact solution. In other words, φ(t, 0) = u 0 (t) is the solution of theH(φ, q,h, H(t))| q=0 = 0, and φ(t, 1) = u(t) is the solution of theH(φ, q,h, H(t))| q=1 = 0. EnforcingH(φ, q,h, H(t)) = 0, the zero-order deformation is constructed as:
with the following initial conditions:
The functions φ(t, q) and ω(q) can be expanded as power series of the q using Taylor's theorem as:
where u m (t) and ω m are called the m-order deformation derivatives. Differentiating a zero-order deformation equation with respect to q and then setting q = 0, yields the first-order deformation equation (m = 1) which gives the first-order approximation of the u(t) as follows:
The higher order approximations of the solution can be obtained by calculating the m-order (m > 1) deformation equation.
The m-order deformation equation can be calculated by differentiating Eqs. (10) and (11) m times with respect to q as follows [12] : (12) where the R m ( u m−1 , ω m−1 ), u m−1 and ω m−1 are defined as follows:
Subject to the following initial conditions:
Homotopy Pade technique
The Pade approximant is the best approximation of a function by a rational function of a given order [13] . In order to calculate a Pade approximant of type [m, n], let f be a function of z expanded in the form of power series as follows:
where
is represented by a rational function r(z) that can be written in the following form:
Generally, f (z) is expanded in Taylor (or Laurent) series about the point x = a (if a is not specified then the expansion is about the point x = 0), to order m + n + 1, and then the Pade rational approximation is computed. The Pade technique is used to accelerate the convergence of a given series.
The 
where the coefficients A m,k (t) and B m,k (t) are determined by the first (m + n)th-order approximations of u(t). It is noted that using Homotopy Pade approximant, the number of order of approximation required to obtain an accurate solution is reduced [14] .
Application of the HAM
Free oscillation of a system without damping represents a periodic motion and can be expressed by the following base functions [12] : In order to satisfy the initial conditions, the initial guess of u(τ ) for zero-order deformation equation is chosen as follows:
To construct the Homotopy function, the auxiliary linear operator for vibration of a conservative system is selected as [12] :
The auxiliary linear operator L is chosen in such a way that all solutions of the corresponding high-order deformation equations exist and can be expressed by the general form of the base function. From Eq. (3), the nonlinear operator is written as:
The solution must comply with the general form of the base functions. Therefore, the auxiliary function (H(τ )) must be chosen as follows:
Due to the odd nonlinearity of the considered conservative system, it is found that R m can be expressed by:
According to the property of the linear operator, if the term cos(τ ) exists in R m , the secular term τ sin(τ ) will appear in the final solution. Therefore, the coefficient of cos(τ ) in R m should be equal to zero:
Solving Eq. (26), ω m−1 is obtained. For the first-order approximation of HAM, R 1 is as follows: 
Thus, ω 0 can be written as:
Solving Eq. (12) for m = 1, u 1 is obtained as:
Consequently, from the coefficient of cos(τ ) in R 2 , ω 1 is obtained as follows:
The higher-order approximations for frequency and deflection can be similarly derived. Solving Eq. (12) for m = 2 yields the following result for u 2 :
From the coefficient of cos(τ ) in R 3 , ω 2 is obtained as follows: (39)
The higher-order approximations for ω and u(τ ) (ω n−1 and u m (τ ), m > 2) can be similarly derived. The [1, 1] and [2, 2] Homotopy Pade approximations of ω and u(t) can be written in the following form:
Also [i, j] Homotopy Pade approximation is determined by the first (i + j + 1)th-order approximations of HAM solution.
Results
In this section, the HAM is applied to a Duffing equation with cubic and quintic nonlinearities and its accuracy and efficiency are illustrated. Table 1 [2, 2] Homotopy Pade approximant, the maximum relative error decreases to 0.03% which is very impressive. As verified in this case study, the Homotopy Pade technique provides accurate results which are valid for a wide range of system parameters and initial conditions. On the other hand, the vibration frequency converges quickly to the exact solution with only [1, 1] Homotopy Pade approximant. Fig. 1 illustrates the effect of auxiliary parameterh on the frequency for different order approximation of HAM solutions. It is obvious that with the increase of the order of approximation, the frequency becomes independent ofh and remains fixed.
It can be noted that forh = −0.9484, the 2nd-order approximation gives the frequency with the highest accuracy. This indicates that the auxiliary parameter plays an important role in the HAM. It can be observed that the phase-space curve generated from [1, 1] Homotopy Pade technique is close to that of the exact curve from the Runge-Kutta method. The phase plot shows the behavior of the oscillator when α = 1, β = 2, and γ = 5. It is periodic with a center at (0, 0). This situation also occurs in the unforced, undamped cubic Duffing oscillators. It is evident that the [1, 1] Homotopy Pade approximant shows excellent agreement with the numerical solution using Runge-Kutta method. The accuracy of the results shows that the HAM and Homotopy Pade technique can be potentiality used for the analysis of strongly nonlinear oscillation problems accurately.
Conclusion
The analytical solutions yield a thoughtful and insightful understanding of the effect of system parameters and initial conditions. Also, Analytical solutions give a reference frame for the verification and validation of other numerical approaches. Consequently, in this study, the HAM and Homotopy Pade technique have been used to obtain analytical solutions for the Duffing equation with cubic and quintic nonlinearities, which are not studied as extensively as cubic nonlinearities. The most significant feature of this method is its excellent accuracy for the whole range of oscillation amplitude values. Moreover, the HAM solution is quickly convergent and its components can be simply calculated. Also, compared to other analytical methods, it can be observed that the results of HAM require smaller computational effort and only the [1, 1] Homotopy Pade approximant leads to accurate solutions. Besides all the advantages of the HAM, there are no rigorous theories to direct us to choose the initial approximations, auxiliary linear operators, auxiliary functions, and auxiliary parameters.
